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1. ~NTR~OU~TION 
Let G be a finite group with N u G and let L be any field. An L- 
representation X of N is said to be invariant in G if for every g E G, the 
representation X8 defined by X”(n) = X( gng-‘) is similar to Z. The main 
result of this paper is the following. 
THEOREM A. Let N CI G be a Hall subgroup and let L be an arbitrary 
field. Then every invariant irreducible L-representation of N is extendible to 
an L-representation of G. 
An earlier, unpublished, version of this paper contained a weaker form of 
this result. In the case that char(L) = 0, that paper proved the theorem only 
when N is solvable, although the full result was obtained for fields of prime 
characteristic. After reading that version, E. C. Dade observed (in a private 
communication) that some of the machinery I developed to handle the prime 
characteristic case could be extended to work in characteristic zero. This 
provided a proof that was both far simpler that I had and also more general, 
since it did not require N to be solvable. In addition, Dade’s letter provided 
me with a better understanding of the workings of this machinery. Because of 
this new insight, I decided to rewrite the paper completely, and with his 
permission I have included Dade’s strengthened form of my theorem. 
The machinery referred to above is contained in Sections 3 and 4 on 
“crossed representations” and their projective versions. I should add, 
however that Dade sees this material from a different point of view: that of 
his more or less parallel theory of “Clifford systems.” Section 6 of this paper 
owes the greatest debt to Dade. He pointed out that the key idea in the proof 
of Theorem 6.1, which is standard for algebraically closed fields, works in 
this case also. 
* The research in this paper was partially supported by a grant from the National Science 
Foundation. 
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In order to set the problem into historical perspective, we review some of 
the known facts concerning the subject of this paper. First consider the case 
where L is algebraically closed. If char(L) = 0, it is a well-known result of 
Gallagher [5] (see also Corollary 8.16 of 191) that an invariant irreducible 
L-character a of the Hall subgroup N (I G is extendible (and thus so is the 
corresponding representation). If L has prime characteristic, similar 
techniques can be used to show that a is extendible provided that deg a and 
1 G : Nl are coprime. This proviso does not necessarily hold, however, when 
char(L) divides IN] since then one cannot conclude that deg a divides IN]. 
Nevertheless, it was shown by Dade ([3], Theorem 7.1) that a is extendible 
in this case too. (A very short proof of Dade’s result was obtained by Gow 
161.) Another proof Dade’s theorem was found by D. S. Passman 
(unpublished) and it is his idea which is the germ of the prime characteristic 
part of the proof of our main theorem. 
The first attempt o solve the problem when L is not algebraically closed 
was apparently in the author’s paper [8] where only characteristic zero was 
considered. The approach there was to consider an absolutely irreducible 
constituent LT E Irr(N) of the character of the given invariant irreducible L- 
representation 3. One can extend a (canonically) to p E Irr(T), where T is 
the inertia group of a and then consider y =PG E Irr(G). If one can show 
that the Schur index m,(y) is coprime to / G : N] , then an L-representation of 
G having y as an absolutely irreducible constituent wiI1 extend 3. This 
approach met with only limited success in [8] since control of m&‘y) seemed 
difficult to obtain. The result was proved for nilpotent N, however, and some 
other very spevcial cases. 
If char(L) # 0, Schur indices are always trivial and thus the main 
difficulty of the characteristic zero situation disappears. This observaztion 
underlies the note [4] of Fein. The problem now is that since deg a and 
/G: NI need not be coprime, it is not known how to obtain a “canonical” 
extension /I of a to T. Fein thus found it necessary to assume that 
(deg a, / G : Nl) = 1. Even Dade’s (later) prime characteristic extension 
theorem does not eliminate the necessity to make the coprimeness 
assumption because without it, it is not clear how to choose a sufficiently 
well-behaved extension /I. (In the case that G/N is a q-group for some prime 
q, we succeed, in Section 5 of this paper, in choosing an appropriate fl.) 
We give brief mention to the paper [l] of Becker. Becker weakens the 
hypothesis that N is Hall and succeeds in proving extendibility for all fields. 
Like Fein, however, he assumes that (deg X, /G : N]) = 1. 
A standard technique for studying extendibility problems over an 
algebraically closed field L is that of projective representations. This reduces 
the problem to deciding whether or not a particular element in the 
cohomology group H’(G/N, Lx) (with trivial action) is the identity. A key 
idea in this paper is a generalization of this technique which works for 
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arbitrary L, provided that the Schur index ~(a) = 1, where, as before, a is 
an absolutely irreducible constituent of the character afforded by 3. In this 
case, it turns out (Corollary 4.4) that the obstruction to the extension of X is 
a certain element of H*(G/N, Lo), where G/N does not necessarily act 
trivially on the field L(a). 
Throughout most of this paper, the assumption that N is Hall in G is 
irrelevant, and unless otherwise stated, it should be assumed that N is an 
arbitrary normal subgroup. 
2. SEMI-INVARIANT CHARACTERS 
Let E be ban algebraically closed field. We write Irr,(G) to denote the set 
of irreducible E-characters of the finite group G. (If E = C, the complex 
numbers, we omit the subscript and write Irr(G).) Suppose L c E is an 
arbitrary subfield. Then Gal(E/L) permutes Irr,(G) into finite orbits. 
Let N (1 G and a E Irr,(N). Then (as in [S]) we say that a is L-semi- 
invariant in G if its Galois orbit over L is G-invariant. The relevance of 
semi-invariance to the subject of this paper is as follows. Suppose X is an 
irreducible L-representation of N. Then its character tr 3E decomposes as 
tr X = m(a, + +. s + a,), 
where the Qi E k-,(N) are distinct and constitute an orbit under Gal(E/L). 
The positive integer m is the Schur index mL(ai) of each of the ai over L and 
m = 1 if char(L) > 0. (See Theorem 9.21 of [9].) We shall refer to the 
characters ai as the E-constituents of X. They are uniquelly determined by 
the similarity class of X and so if X is invariant in G, the ai are permuted by 
G and thus are L-semi-invariant. 
LEMMA 2.1. Let N a G and assume that a E Irr&V) is L-semi-invariant 
in G, where E is algebraically closed and L c E. Let T = I&a), the inertia 
group, and write L(a) to denote thefield generated over L by the valeces of a 
on N. Then 
(a) The orbit of a under Gal(E/L) is also its orbit under Gal(L(a)/L) 
and has size equal to 1 L(a) : L I. 
(b) For each g E G, there is a unique up E Gal(L(a)/L) such that 
(~9)~~ = a. 
(c) The map g t-, og is a homomorphism with kernel equal to T. 
(d) T a G and G/T is abelian. 
Proof: Since L(a) is normal over L, every (r E Gal(E/L) restricts to an 
element of Gal(L(a)/L). Since every automorphism of every subfield of the 
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algebraically closed field E extends to E, this restriction map is onto and 
thus Gal(L(a)/L) acts transitively on the orbit of a under Gal(E/L). Since 
only the identity in Gal(L(a)/L) can fix a, part (a) follows. Also, (b) is now 
immediate. 
We have 
and thus (TV,, = ugu,, as desired. Also, if g E T, then a = ((xg)oX= au” and 
u, = 1. Conversely, if u, = 1, then ag = a and g E T. This proves (c), and (d) 
follows since Gal(L(a)/L) is abelian. m 
One strategy for extending the invariant irreducible L-representation 3E of 
N to G is to find a suitable extension of an E-constituent a E Irr,(N) of X to 
its inertia group in G. 
DEFINITION 2.2. Let N u G and let a E Irr,(N) be L-semi-invariant in 
G, where E is algebraically closed and L c E. Let T = Z,(a). An extension 
/3 E Irr,(T) of a is a standard extension provided that 
(i) L(J) = L(a) and 
(ii) /I is L-semi-invariant in G. 
An important example of a standard extension occurs in characteristic 
zero. In this case, if the determinantal order o(a) and the degree a(1) are 
each relatively prime to / T: NI, then a has a canonical extension ci E Irr,(T). 
This is the unique extension such that o(b) = o(a). (See Corollary 8.16 of [9] 
for this result of Gallagher.) Note that the condition that 
(IT:Nl,o(a)a(l))= 1 . is automatically satisfied (in characteristic zero) if N 
is a Hall subgroup of T. 
In the above situation, such a canonical extension ci is necessarily 
standard. To see this, observe that L(B) 2-L(a) and each element u of 
GW(WL(a)) carries $ to an extension of a. Since o(2) = o(a), it follows 
from uniqueness that 2’ = & and thus u = 1 and L(ci) = L(a). Furthermore, if 
g E G, then 2 is the canonical extension of ag. However, ag = a’ for some 
r E Gal(L(a)/L) and 6” is the canonical extension of a=. It follows that 
2 = 2 and so ci is L-semi-invariant in G. It thus is a standard extension as 
claimed. 
LEMMA 2.3. In the situation of Dejkition 2.2, let /I be a standard 
extension of a to T and let y =/I’, the character of the induced represen- 
tation. Then y E Irr,(G) and the Schur index m&) divides mL(a) 1 G : TI. 
Proof. That y is irreducible is well known, since T is the inertia group of 
a. If char(E) > 0 then m&) = 1 and there is nothing further to prove. We 
assume, therefore, that char(E) = 0. We have [a’, r] = [a, yN] = [a,&] = 1 
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and thus by Lemma 10.4 of [9], we see that m,(y) divides 
&,(a) - IL@, Y): L(Y)I and ‘t 1 suffices to show that IL(a, y): L(y)] divides 
IG: TI. 
The group GalW9 YYL(Y)) P ermutes the set of irreducible constituents of 
yN semi-regularly. Since the cardinality of this set is equal to IG : TI and the 
order of the Galois group is the degree of the field extension, the result 
follows. I 
THEOREM 2.4. Let NQ G and let X be an irreducible, G-invariant L- 
representation of N. Let E 2 L be algebraically closed and let a E IrrdN) be 
an E-constituent of X. Suppose that a has a standard extension p E IrrdT), 
where T = Zo(a) and suppose further that m&) divides mL(a), where y = PG. 
Then X extends to an L-representation of G which has y as an E-constituent. 
Note. Suppose N is a Hall subgroup of G. If char(L) = 0, then the 
existence of a standard extension is guaranteed but it is not obvious that the 
condition on Schur indices is satisfied. If char(L) > 0, the Schur indices 
cause no problem but it is no longer clear that a standard extension exists, 
although the existence of some extension is assured by Dade’s Theorem. 
Proof of Theorem 2.4. Write m = mL(a) and let y = y,, y2,..., ys be the 
distinct conjugates of y under Gal(E/L). Since mL(y) divides m, there exists 
an L-representation 9 of G such that tr ‘&l= m JJ yi and deg 9 = ms deg y. 
We shall show that the restriction g,,, is similar to X and thus some 
representation similar to 9 extends X to G as desired. Consider the represen- 
tation YE, which is 9 viewed as an E-representation. Then some irreducible 
constituent of (YE), has the character a. It follows that gN has an irreducible 
constituent 3 such that 3E and XE share a common constituent. By Corollary 
9.7 of [9], it follows that 3 and X are similar and so X is a constituent of 
gN. It will now suffice to show that deg VJ < deg 3. In other words, we need 
that ms deg y < mr deg a, where r is the size of the orbit of a under 
Gal(E/L). 
Observe that s = 1 L(y): LI and r = 1 L(a): LI . Also L(y) = L(/3’) c L(J) = 
L(a), where the last equality is because /I is a standard extension. This yields 
that r = s IL(a): L(y)] so that 
r deg a = s /L(a): L(y)1 deg a. 
Since deg y = ) G: TI deg a, the desired inequality will follow when we 
show that I G: TI < 1 L(a): L(y)1 . N ow the Galois group Gal(L(a)/L(y)) 
permutes the irreducible constituents of yN which are the IG: TI distinct G- 
conjugates of a. It therefore suffices to show that this action is transitive. 
Let g E G. Then ag = a0 for some u E Gal(L(a)/L). We will be done when 
we show that y” = y so that u E Gal(L(a)/L(y)). Since /I is a standard 
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extension, it is L-semi-invariant in G and hence /Ig =p” for some 
rE Gal(L(J?)/L)= Gal(L(a)/L). Thus ag= a7 and so a* =aU and z=(T. 
Therefore, pg = p” and hence y = p = y” as desired, since y = p”. 1 
3. CROSSED REPRESENTATIONS 
In this section we introduce a second technique for extending represen- 
tations. This will be used in combination with the standard extensions in the 
previous section to prove Theorem A. 
Let F be an arbitrary field and let G act on F via field automorphisms. 
(The example we have in mind is where a E Irr,(N) is L-semi-invariant in G 
and F = L(a).) This action induces an action of G on GL(r, F) for positive 
integers r. We say that a map 3: G -+ GL(r, F) is an F-crossed representation 
of G provided 
3(gh) = 3(g)* 3(h) 
for all g, h E G. 
The relevance of crossed representations to the extension problem is as 
follows. Let N u G. Let E s L be algebraically closed and suppose 
a E Irr,(N) is an E-constituent of X so that a is L-semi-invariant in G and 
thus G acts on L(a). Let X L(n) denote the representation 3E when viewed as 
an L(a)-representation of N and let 9 be an irreducible constituent of XUa). 
It is no loss to assume that a is an E-constituent of 9. 
THEOREM 3.1. In the above situation, X extends to an L-representation 
of G iff the L(a)-representation ‘$I of N extends to an L(a)-crossed 
representation of G with respect to the given action of G on L(a). 
Before proceeding with the proof of Theorem 3.1 we review some (known) 
facts about irreducible representations over arbitrary fields. 
Let N be a linite group and let X be an irreducible L-representation of N. 
Let E 2 L be algebraically closed and suppose a E Irr&V) is an E- 
constituent of X. Write F = L(a) and let g be an irreducible constituent of 
3FF. By Theorem 9.21 of [ 91 we know that XE is completely reducible and YE 
has a unique irreducible constituent (which affords a character Galois 
conjugate to a). This constituent has multiplicity m (= mL(a), the Schur 
index) which is independent of the choice of ?I. Furthermore, ‘13 has 
multiplicity 1 as a constituent of SEF and deg X = 1 F : L 1 deg 9. 
We continue this review with the following known result. 
LEMMA 3.2. In he above situation, let V be a simple FiV-module 
corresponding to 3. Then 
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(a) V is simple as an LN-module, and corresponds to X. 
(b) Let A = Hom,(V, V). Then the center of A is the set of scalar 
multiplications by elements of F. 
ProoJ By Lemma 9.18 of [9], 3 is a constituent of the L-representation 
corresponding to the LN-module V. However, 
Part (a) now follows. 
The E-algebra X(LN) & E is isomorphic to a direct sum of ] F : L] full 
matrix algebras, each of dimension (deg a)‘. This yields 
dim,X(LN) = ] F : L] (deg a)’ = 1 F : L ] (r/m)2, (1) 
where m = mL(a) is the multiplicity of a as a constituent of ?lE and 
r=deg’l). 
Now A is a division algebra over L and we write q = dim, V and 
d = dim,A. Then X(LN) is L-isomorphic to the full ring of q x q matrices 
over A and thus, using (1) we have 
q2d = dim, X(LN) = ] F : L I (r/m)’ 
and IF : L I r2 = m2q2d. However, qd = dim, V = ] F : L I r and this yields 
dim,A=d=m2]F:L]. (2) 
Note that in the case where m = 1 (which is the only case we really need 
in the proof of Theorem A) the result is now immediate since by (2) we 
conclude that A = F . 1, the set of scalar multiplications by F. For 
completeness, however, we finish the proof in the general case. 
Certainly, F . 1 G A. Let A, be the centralizer of F . 1 in A so that 
A, = Horn&V, V) and we may apply (2) to v in place of X, F in place of L 
and A, in place of A. This yields dim,A, = m2 ]F : F] = m2 and so dim,A, = 
m2 ( F : L I = dim, A. Thus A,, = A and F . 1 is central in A, as desired. 
We shall now prove that F . 1 is exactly the center of A. Since 
g(FN) OF E is isomorphic to a full matrix algebra over E, it follows that 
v(FN) is central-simple over F and thus g(FN) @r A is simple. This algebra 
has a natural homomorphism into Hom,(V, V). Now dim,?,l(FN) = (r/m)’ 
by application of (1) to ‘1) in place of X. Since dim, A = m2, we have 
dim&l(FN) OF A) = r2 = dim, Hom,( V, V). 
The simplicity of the tensor product then yields that g(FN) C&A 2 
Hom,(V, V) which has center of dimension 1. It follows that the center of A 
can be no larger than F . 1. 1 
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Proof of Theorem 3.1. Write F = L(a) and let V be the (deg v)- 
dimensional row space over F. Then V is an FN-module via the action 
~1 . n = @(n) for u E V and n E N. By Lemma 3.2(a), when V is viewed as 
an LN-module, it corresponds to the representation X, and so an extension of. 
X to G amounts to an L-linear extension of the “dot” action of N on V to all 
of G. 
Now assume that 3 is an F-crossed representation of G which extends ‘21. 
For each g E D and u E V, we define up E V by applying the field 
automorphism u, induced by g to each entry in the row vector v. Now define 
c . g = uR3( g) and observe that the map v ++ v . g is L-linear since cg is 
trivial on L. Also, since N acts trivially on F and 3N = 3 we see that the 
two definitions of v . n for n E N agree. Now for g, h E G we have 
(0 . g) . h = (v”3(g)) . h = (v”3W)” 3(h) = vgh3(d’3W 
= vgh3( gh) = v . gh. 
It follows that X extends to G as desired. 
Conversely, assume that X extends to G so that we have an L-linear action 
v b v .g such that v. II= vg(n) for n EN. Let A = Horn&V, V). For 
g E G and 6 E A, observe that the map v I+ ((v . g-‘) 6) . g is L-linear and 
commutes with the action of N. It follows that this map, which we denote 
d*g lies in A and we see that 6 M a*g is an automorphism of A. This defines 
an action of G on A via automorphisms. 
By Lemma 3.2(b), the center of A, which is necessarily G-invariant, is the 
set of scalar multiplications of F on V. Thus there is an action (which we 
continue to denote *g) of G on F such that 
for all g E G, v E V and I E F. Note that if 1 E L, then l*g = 1 since the 
action of G is L-linear. Thus *g E Gal(F/L): Also, since the action of N on 
V is F-linear, we see that *n is trivial for n E N. The reader is cautioned, 
however, that we do not yet know that *g = ug. 
Now let s, ,..., s, be the standard F-basis for the row space V. For g E G, 
let 3(g) be the matrix whose ith row is the vector si . g and note that 
3(n) = 9J(n) for n E N. In order to compute 3( gh) for g, h E G, we write 
3(g) = [xij] and 3(h) = [ yij], where all xii, y, E F. We have 
si - (gh) = (si . g) . h = (7 sjxij) . h 
= x (sj . h)(xij)*h 
i 
= x x Sk yjk(Xij)*h 
k .i 
62 
and it follows that 
I. M. ISAACS 
3(&+) = 3(d*h3(q. 
We have now constructed an F-crossed representation of G which extends 
8. What remains is to show that the *-action of G is the original action. 
Since ug is the unique u E Gal(F/L) such that (~3)~ = a, the proof will be 
complete when we show that a( gng- ‘)*, = a(n) for all g E G and n E N. 
We have 
3(s)*” 3(n) = 3(gn) = 3(ms-’ * 8) = 3(m-1)*g 3(g). 
Since *n is trivial and 3N = 9, we obtain 
3(g) ?e) 3(g)-’ = ‘Dbg-‘)*g 
and taking traces yields 
tr g(n) = tr 9(gng-1)*g. 
Now tr 9 = ma where m is the Schur index and since m = 1 if char(F) > 0, 
we can cancel m and obtain a(n) = a(gng-l)*g as desired. The proof is 
complete. I 
4. PROJECTIVE CROSSED REPRESENTATION 
Let N a G and let X be an irreducible, G-invariant L-representation of N. 
In the case that L is algebraically closed, the theory of projective represen- 
tations is commonly used to investigate the extendibility of X to G. In that 
situation, the theory yields a uniquely defined element f * in the cohomology 
group #(G/N, Lx) ( w h ere G/N acts trivially on Lx). It turns out that 3E is 
extendible iff f* = 1. 
In this section we generalize the above to the case where L is arbitrary. 
We do need to assume, however, that the Schur index associated with X is 
trivial. Let E I> L be algebraically closed and let a E Irr,(N) be an E- 
constituent of X, as in the previous sections. Assuming mL(a) = 1, we shall 
produce a uniquely defined cohomology elementf* E H’(G/N, L(a)X) such 
that X is extendible ifff* = 1. In this case, the action of G/N on L(a) is not 
necessarily trivial, but rather is the action associated with the fact that a is 
L-semi-invariant as in Lemma 2.1. 
Suppose G acts on some field F as in the previous section. Suppose 
3: G + GL(r, F) and f: G x G + FX are maps such that 
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for ail g, h E G. Then we say that 3 is a projective F-crossed representation 
of G and that f is the associated factor set. In this situation, it is routine to 
check that 
f( g, hk)fh k) =f(& k)f( g, hY 
and thus f really is a factor set, that is a Z-cocycie which defines an element 
of H2fG, F x ). 
We need a technical de~nition. 
DEFINITION 4.1. Let 3 be a projective F-crossed representation of G and 
let N (1 G. Then 3 respects N provided 
(i) N acts trivially on F. 
(ii) 3(gn)=3(g)3(rr)forallgEG,nEN. 
(iii) 3(ng) = 3(n)g 3(g) for all g E G, n EN. 
LEMMA 4.2. Let 3 be a projective F-crossed representation of G which 
respects N a G, and let f: G x G -+ Fx be the associated factor set. Then 
f (gn, hm) =f( g, h) for all g, h E G and m, n f N. 
Proof: Calculate 3( gnhm) = 3(ghn*m) using the three conditions in 
Definition 4.1. I 
In the above situation, since f is constant on cosets of N, it defines a map 
Ji G/Nx G/N+F~. Because N acts trivially on F, we have an action of 
G/N on FX and f defines an element f * E H2(G/N, FX). We call f * the 
cohomology element associated with the pair (3, N). 
THEOREM 4.3. Let N a G and let a E Irr,(N) be L-semi-invariant in G, 
where E is algebraically closed and L c E. Assume that mJa> = 1 so that a 
is afforded by some irreducible L(a)-representation ‘I, of N. Then 
(a) 9 extends to a projective L(a)-crossed representation 3 of G 
which respects N. 
(b) The associated cohomology element f * E #(G/N, Lo) is 
uniquely determined by a. 
(c) ‘11 extends to a (nonprojective) L(a)-crossed representation of G iff 
f”= 1. 
In Theorem 4.3, the crossed representations are, of course, with respect o 
the natural action of G on L(a) associated with the fact that a is L-semi- 
invariant. 
Proof of Theorem 4.3. Fix a set of representatives U for the cosets of N 
in G and assume I E U. Write F = L(a). For each u E U, the map 
481’68!1-5 
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n t--+ g(unu-‘)” is an irreducible F-representation of N which affords the 
character (ap)ou, where o,, E Gal(F/L) is the automorphism induced by u. By 
definition, (c+‘~ = a, and thus this representation is similar to ‘D and we can 
choose a nonsingular matrix P, such that 
P,?)(n) P;’ = g(URU-‘) 
for all n E N. We can (and do) take P, = I. 
Now define 3 on G by 
(1) 
for u E U and n E N. Note that 3 agrees with g on N and that 3( gn) = 
3(g)3(n) for all gE G and nEN. 
Using (1) and the fact that the action of N on F is trivial, an easy 
calculation yields that 
3(s) ?m) 3(s)-’ = ?xm-‘I” (2) 
for all g E G and n f N. For m E N, we now obtain 
3(~g) = 3(g~g) = 3(g) 3hg) = 3blg 3w9 
where the last equality follows by putting n = mg in (2). 
We have now shown that 3 satisfies conditions (i)-(iii) of Definition 4.1. 
To complete the proof of (a), we need to show that 3 is a projective F- 
crossed representation with respect o the given action. Using (2), we have 
3(s)* 3(h) ?xn>(3(g)* 3vw = 3(g)* 'Dwo* t3tsw 
= (3(s) ?w~~-')3w'~* 
= ~(g~n~-ig-i)g* 
= 3(&l Y(n) 3(H)-' 
and thus (3(g)” 3(h))-’ 3( gh) commutes with g(n) for alf g, h E G and 
n E N. Since 9 affords a E Irr,(N), it is absolutely irreducible and so 
3(gh)=J(g)“3(h)f(g,h)for some scalarf(g,h)EFX. 
To prove (b), suppose 3. is another projective F-crossed representation of 
G which respects N and which extends an F-representation of N that affords 
GL. Let fO be its associated factor set. We can conjugate 3. by any 
nonsingular matrix without changingf, and so it is no loss to assume that 3. 
extends 9. 
We have 3~tgn) = 3dg) 3&l = 3,(g) ?I@) and alSo 
3*(sn) = 3*tmT- ' s> = 3~tgng-')g3~tg) 
since &, respects N. This yields 
30(g) ‘23(n) 30(g)- ’ = 2Kiimo. 
Comparing this with (2), we obtain 3,(g) = A(g) 3(g) for some scalar 
function 1: G--P FX since 8 is absolutely irreducible. A simple caIcuIation 
now yields that 
and it follows that~and~* define the same element ofH2(G, Fx). This is not 
sufficient to conclude thatf* =f,” in ~~(G/~, F x ), however, unless we show 
that d is constant on cosets of N so that it defines a map G/N-t FX. 
We have 
Thus i(gn) = L(g) for al1 g E G and n E N and the proof of (b) is complete, 
If ‘21 extends to a (nonproje~tive) F-crossed representation of G, then the 
unique f * E ~*(G/~, FX) is clearly trivial since such a crossed represen- 
tation certainly respects N. Conversely, suppose/* = 1, wherefis the factor 
set associated with a projective F-crossed representation 3 of G which 
respects N and extends 9. Then 
for some function d: G + F x which is constam on cosets of N, 
Define &(g)=lfg) 3(g) for all ge G. We have f(1, I)= 1 and it 
foItows that J.(I) = 1 and hence n(rz) = 1 for all n E N. Thus 3. agrees with 
13 on N. Now a routine calculation yields that am = 3,(g)* 3,(h) and 
the proof is complete. I 
In the situation of Theorem 4.3, we shah writef*(o) to denote the unique 
element of ~‘(G/~, Lo) associated with a. 
We can combine the results of this and the previous section, 
COROLLARY 4.4. Let N (J G and let X be an irreducible L- 
representation of N which is invariant in G. Let E 2 L be algebraically 
closed and let a E b-r,(N) be an E-cons&uenr of X. Assume that mt{a) = 1. 
Thep? X extends to an ~-re~res~ntat~~n of G z@ the ~oh~rn~~~gy ~~ement 
f*(a) E ~~~G/~, L(a)“) is triuial. 
ProoJ: Let !!J be an irreducible constituent of EL(=) such that a is an E- 
constituent of 3, By Theorem 3.1, X extends to G iff g extends to an Lfa)- 
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crossed representation of G with respect o the action of G on L(a) induced 
by the fact that a is L-semi-invariant in G. Since mzL(a) = 1, Vj affords a and 
Theorem 4.3 applies. The result follows. 1 
COROLLARY 4.5. In the situation of Corollary 4.4, suppose for each 
Sylow subgroup F/N c G/N that X extends to an L-representation of P. Then 
3E extends to an L-representation of G. 
Proof: From the definition off*(a), it is clear that the restriction map 
H’(G/N, L(a)X) -+ ~*(~/N, L(a)x) carries f*(a) to the cohomology element 
f,*(a) associated to a in the group P. Since X extends to all P such that P/N 
is Sylow in G/N. We conclude that f*(a) = 1. (This follows, for instance, 
from Hauptsatz I. 16.18 of [7].) By Corollary 4.4 again, X extends to an L- 
representation of G. 1 
5. PRIME CHARACTERISTIC 
In this section we prove Theorem A in the case where char(L) =p > 0. 
Let N a G be a Hall subgroup and suppose X is an irreducible invariant L- 
representation of N. Let a E k,(N) be an E-constituent of 3, where E Z, L is 
algebraically closed. Since char(L) > 0, mL(a) = I by Theorem 9.21(b) of 
[9], and Corollary 4.5 applies. It is therefore no loss to assume that G/N is a 
q-group for some prime q. 
Let T = I,(a). If we can find a standard extension p (Definition 2.2) of a 
to T, then by Theorem 2.4 we can extend X to G. (To apply 2.4, we again 
use the fact that Schur indices are trivial in prime characteristic.) From these 
remarks we see that to obtain Theorem A in prime characteristic it suffices 
to prove the following result. 
THEOREM 5.1. Let N (1 G be a Hall subgroup and suppose that G/N is 
a q-group for some prime q. Let E be algebraically closed of characteristic 
p > 0 and let L c E. Suppose a E Irr,(N) is L-semi-invariant in G. Then a 
has a standard extension to T = I,(a). 
Note that this is a two-hold generalization of Dade’s Theorem 7.1 of [3] 
which, in the present notation, asserts that a is extendible to some 
p E Irr,(T). Dade does not show that /? can be chosen with values in the field 
L(a) nor that it can be taken to be L-semi-invari~t in G. Both of these 
would follow from an appropriate uniqueness result such as exists in charac- 
teristic zero. Since no such result is available in prime characteristic, we 
follow a different route. 
I learned of the next result from D. S. Passman. The proof is his 
(unpublished). 
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LEMMA 5.2. Let C = [cij] be an n x n matrix with rational integer 
entries. Let q be a prime not dividing det(C) and let Q be a q-group which 
permutes the index set N = (1,2,..., n}. Assume for every x E Q that 
cij = c i.x,j.xfOr all i, j E N- If Qf axes a E N, then there exists Q-fixed b E N 
(possibly equal to a) such that 41/c,,. 
Proof: We may view Q G S, the symmetric group on N. For each IZ E S 
we write 
so that det(C) = z, sgnfk) e(A). For x E Q, we have 
e(n) = n Cj.x-l,i.x-In = 11 c. r.i*x-‘nx = e(9) 
I i 
and also sgn(n) = sgn(lr”). Therefore, the functions e and sgn are constant on 
each orbit A of the conjugation action of Q on S and we write sgn(A) and 
e(d) for their constant values. Then 
det(C) = x 1 A 1 sgn(d) e(d) 
A 
is not divisible by q. 
Since Q is a q-group, there must exist a singleton orbit A = {n) with 
qCe(n). Now if Q fixes a E N, let b = a + x. Since Q centralizes 71, we see that 
Q fixes b and since c,~ divides e(n), we have q,fc,, as desired. 1 
Lemma 5.2 immediately yields the following, which generalizes part of 
Theorem 6.15 of [3]. 
LEMMA 5.3. Let IBr(N) denote the set of irreducible Brauer characters 
for the prime p of the finite group N, computed with respect o some fixed l# 
of the modular roots of unity to the complex numbers. Let Q be a q-group 
(with q #p) which permutes Irr(N) and IBr(N) and preserves decomposition 
numbers. (That is, we assume that dXV = dXXWX for all x E Q.) Suppose Q fixes 
a E IBr(N). Then there exists Q-fixed w E Irr(N) such that ql;d,,. 
ProoJ Let C be the Cartan matrix for N with respect op. Thus the rows 
and columns of C are indexed by I&(N) and 
It follows that cmxgx = c, B for all ~7, 8E IBr(N) and all x E Q. 
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Now det(C) is a power of p (see Theorem 84.17 of [2] or Problem 15.3 
of [9]). Thus qkdet(C) and by Lemma 5.2, there exists Q-fixed /I E IBr(N) 
with qtc,,. Since the decomposition umbers d,, and d,,, are each constant 
as w runs over a Q-orbit A of Irr(N), we may write d,, and ddq for their 
constant values. Then 
is not divisible by q and it follows that there exists some singleton orbit 
A = {w} with qt,d,, as desired. 1 
We mention that Dade’s extendibility theorem (which is the part of 
Theorem 5.1 which asserts that a is extendible to T> follows easily from 
Lemma 5.3. We shall not digress to give the proof here. The following 
lemma is quite standard. 
LEMMA 5.4. Let N 4 G and let E be algebraically closed. Let 
a E Irr,(N) and assume a exterids to /3 E Irr,(G). Let .4 = Hom(G/N, EX). 
Then A ++ l/3 defines a bijection from A onto the set of all extensions of a in 
Irr,(G). 
Proof: Let SE be an E-representation which affords p. Then for 1 E A, we 
have a representation AX which affords A/3, another extension of a. Since the 
matrices X(g) are nonzero, distinct A’s yield distict IX’s and the map 1 I+ A/I 
is one to one. 
If y E Irr,(G) extends a, let 9 afford y. Then the restriction g, satisfies 
P-‘gNP = X, for some matrix P with entries in E. We may replace ‘Jl by 
P-“j)P and assume that ‘I), = X,. Now for g E G and n E N, we have 
?Q-’ W ?W = ?W’w) = WY WI Vg) 
and thus Y(g) X(g)-’ commutes with all X(n) and hence is a scalar matrix 
A(g) I for some A(g) E E. This gives 9 = 11 and it follows that A E A and 
Y = 43. I 
We make some observations about field automorphisms and Brauer 
characters. Let G be a finite group and fix a prime p. Let K be the splitting 
field for Xl” - 1 over the rationals Q in C and let R = Int(K), the ring of 
integers in K. Pick a prime P c R lying over (p), and let F = R/P. Then F 
is a splitting field for G and all of its subgroups. For r E R, we write r* to 
denote the image of r in F. Then for each irreducible F-character a of G, we 
have a unique irreducible Brauer character cp E IBr(G) with rp( g)* = a(g) for 
p-regular g E G. In general, a different choice of P will yield a different set of 
Brauer characters, and so we cannot expect Gal(K/Q) to permute IBr(G). 
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(What is true in general, is that cp” is a rational integer linear combination of 
f&(G) for 0 E Gal(K/Q), We will not need this, however.) 
Now let .Y = {a E Gal(K/Q) 1 P = P}. Then ,Y is a subgroup of the 
Galois group and .V permutes IBr(H) for every subgroup H$? 6. Also, for 
cp E IBr(H) and x E Irr(H), we have dxB = dprpo for all o E 59’. What makes 
this observation useful is that .!Y is “big.” 
LEMMA 5.5. Assume the above notation. For each o E Y, let 8 be the 
automorphism of F defined by #(r*)=o(r)*. Then - deJnes a 
homomorphism of .V onto Aut(F). 
Proof See D(2) of Chapter 11 of [IO]. 1 
Proof of Theorem 5.1. Let K be the splitting field of XiGi - 1 over Q in 
C and let R = Int(K). Let P c R be a prime lying over (p) and let F = R/P. 
It is no loss to assume that F c E and we claim that we may also assume 
that L c F. The latter follows since if we set L, = L r\ F, then restriction 
defines an isomorphism of Gal(L(a)/L) onto Gal(L(~)/L~) and therefore a is 
LO-semi-invariant in G. Any extension of a to T which is standard with 
respect o L, will automatically be standard with respect o L. 
Let .Y be the subgroup of Gal(K/Q) which stabilizes P as in Lemma 5.5 
and het R be the inverse image in .Y of Gal(F/L) so that X maps onto 
Gal(F/L). Now G x Z acts on IBr(N) and we let S c G x $Y be the 
stabilizer of (D in this action, where (D E IBr(N) corresponds to a. Finally, let 
e E SYl,W 
Note that Q acts on Irr(N). We choose a Q-fixed x E Irr(N) with qkd,,. If 
q fp, such a character exists by Lemma 5.3 and if q =p, then p,j[Ni and so 
Irr(N) = IBr(N) and we may take x = 03- 
Since T= I,(a), we see that T stabilizes q and thus TC S. Because 
T (1 G, we have T (1 S and since T/N is a q-group, it follows that 
T= N(Q n 7). We conclude that x is invariant in T and we let 2 be the 
canonical extension of x to T. 
Now Q acts on Irr(7’) and IBr(T) since T a G. By the uniqueness off, it 
follows that Q fixes 2 and thus the decomposition umber diO is constant as 
19 runs over a Q-orbit of IBr(T). Also constant over each Q-orbit is the 
function a(@, the multiplicity of o as a constituent of 8,. Let d(d) and a(d) 
denote the constant values of d?, and a(0) for 8 in the Q-orbit d c: IBr(T). 
Since g), =x, it follows that 
and thus for some d we have qC/d/ and qka(d). It follows that d = {e} for 
some Q-fixed 8 E IBr(7”) with 8, = atp, where a = a(d). Since T/N is a q- 
group, a must be a power of q and hence a = I and B is an extension of o. 
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Let p E Irr,(T) be the (unique) character corres~nding to 8. Since 8 
extends o, we see that /3 extends a and in view of Lemma 5.4, we ,must tind 
1 E n = Hom(T/N, EX) such that y = @ has values in L(a) and is L-semi- 
invariant in G. 
Now G x Gal(F/L) acts on Irr,(N) and on Irr,(T). Let 9 be the stabilizer 
in this group of a and suppose we could find some extension y of a to T 
which is Y-fixed. Since Gal(F/L(a)) c 9 it would follow that y has values 
in L(a). Also, for each g E G, there exists o E Gal(F/L) with (ag)O = a. Thus 
gu E 9 and hence fixes y and we have (yg)” = y and y is L-semi-invariant. 
We now proceed to find 1 E /1 such that y= A/? is Y-fixed and this will 
complete the proof. 
As a first step, we show that the size of the orbit of /I under 9 is not 
divisible by q. Recall that we have a homomorphism - of 2+ onto Gal(F/L). 
We extend this to 7~: G x Z-+ G x Gal~F/L) by setting x( go) = g& We 
claim that n(S) = 9, where S is the stabilizer of o in G x 2’. If go E S, 
then (P~)~ = o and since a(h) = p(h)* for p-regular h E N, it follows that a 
and (ag)Z agree on such elements. Therefore (a*)” = a and n( gcr) = g# f Y. 
Conversely, every element of 9 can be written in the form g8 for some 
cr E Z and we have (cp”)” (h)* = (o(h)* for all p-regular h E N. It follows by 
properties of Brauer characters, that (pg)” = (p and go E S. Thus n maps S 
onto 9’ as claimed and it follows that n(Q) E Syl,(Y). Since Q fixes 19, we 
see that n(Q) fixes /.I and therefore the size of the Y-orbit of j? is indeed not 
divisible by q. 
Next, observe that working in G X Gal(F/L), we have T = G f? 22 and 
thus T 4 9’ and Y/T is isomorphic to a subgroup of Gal(F/L) which is 
cyclic. We may therefore write 27 = (T, s} for some s E 9 and the proof 
will be complete when we find L E /1 such that y = k/3 is fixed by s. 
Write s = ut’, where u and v are powers of s, O(U) is a power of q and 
q$o(u). The Y-orbit of /I, which has q’-size, is the orbit of @ under (s) and it 
follows that p” = /.I. Now 8” = p” is an extension of a and so /P = ,u@ for some 
,U En by Lemma 5.4. Note that G x Gal(F,/L) acts on n and we have 
Therefore @ = ,u since the map in Lemma 5.4 is one to one. 
Now u E G x Gal(F/L) and since v has q’-order and G/N is a q-group, it 
follows that u = hr for some h E N and t E Gal(F/L). There exists an integer 
m such that x’ = x”’ for all x E F and it follows that ,us = ,uU = P’ = ~1”‘. 
Suppose m f 1 mod q. Since n is a q-group, we can find an integer n such 
that n(m - 1) = -1 mod Ilf / and thus 
and y = ~“p is the desired character in this case. 
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Now assume ~tl c 1 mod q so that pS = pm = pv for some v E (,P). Since 
p” =,@, it follows by induction that for each positive integer k, there exists 
I’~ E QP) such that 
p”” = pkv,j3. 
Taking k = o(u), we have p”” = p”” =/I and thus ,ukv, = 1 and ,uk E 01”). Since 
q% k, and p has q-power order, it follows that p = 1 and hence p” = /3 in this 
case. The proof is complete. 1 
6. CHARACTERISTIC ZERO 
Fix an algebraically closed field E of characteristic zero. All other fields 
considered in this section will be sublields of E. Our first main result is the 
following. 
THEOREM 6.1. Let N a G and suppose L s E. Let X be an irreducible 
L-representation of N which is invariant in G and let a E Irr,(G) be an E- 
constituent of X. Assume that mL(a) = 1 and that (I G: NI, o(a) a(1)) = 1. 
Then 3 extends to an L-representation of G. 
Recall that o(a) denotes the determinantal order of a. Theorem 6.1 
generalizes Gallagher’s Theorem (Corollary 8.16 of [9]), which is the case 
where L = E. Since the canonical extension B of a to T = I,(a) is standard 
(Definition 2.2), the theorem would follow by Theorem 2.4 if we could show 
that m,(oi’) = 1. Unfortunately, it is not apparent how to find a direct proof 
of this in general. This approach does work, however, in the special case 
where a(1) = 1. 
LEMMA 6.2. Theorem 6.1 holds in the case where a(1) = 1. 
Proof. It is no loss to assume that 3 is faithful. Since all of-the E- 
constituents of 3E are Galois conjugate, they all have the same kernel and it 
follows that a is faithful and so N is cyclic of order equal to o(a). In 
particular, N is a Hall subgroup of G and so is complemented by some 
subgroup C g G. Let K = Tn C and note that N is central in T and thus 
T=NxK. 
Let /I = a X 1, E Irr,(T) so that /I is the canonical extension of a to T. Let 
‘/ = /I” E Irr,(G). If we can show that mL(y) = 1, then the result follows from 
Theorem 2.4. Since (lC)’ is the character of an L-representation of G, it 
follows from Corollary 10.2(c) of [9] that mL(y) divides [y, (l,)‘]. It 
therefore suffices to show that [y, (l,)‘] = 1. 
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We have iv, (lc)G] = ]p”, (lc)G] = [/I, ((lc)G)r]. Since CT= G, it follows 
that ((lC)G)r = (IK)r. Therefore, [y, (1,)“) = i/3, (l,)‘] = [&, lK]. However, 
/I, = 1, and the result follows. a 
Proof of Theorem 6.1. Let 9 be an L(a)-representation of N which 
affords CI. (This exists since ~(a) = 1.) By Theorem 4.3, let 3 be a 
projective L(a)-crossed representation which extends ‘I) and respects N, 
where the action of G on L(a) is that induced by the semi-invariance of a. 
Let f be the factor set associated with 3 so that 
3(gh) = 3(dh3vof(g~ h) for g, h E G. (1) 
By Corollary 4.4, we will be done when we show that the cohomology 
element f * E H*(G/N, Lo) is trivial. 
Write A = det a and y(g) = det 3(g) for g E G so that yN = L. Also, let 
r = a( 1). Taking determinants in (1) we obtain 
NM) =~(g)*~th}ftg, h)‘. (2) 
Note that it does not follow that cf*)‘= 1 since we do not have that the 
function p is constant on cosets of N and so it does not correspond to a 
function G/N-+ Lo. 
Now 2 E Irr,(N) is L-semi-invariant in G and m&) divides J,(l) = 1. Let 
X, be a (unique up to similarity) L-representation of N having ;I as an E- 
constituent. The semi-invariance of 1 yields that X, is G-invariant and 
Lemma 5.2 applies and proves that 3, extends to an L-representation of G. 
We may apply Theorem 3.1 and conclude that J extends to an L(A)-crossed 
representation uof G (of degree 1) with respect o the action of G on L(n). 
Since (r is afforded by an L(a)-representation, we see that L(J) c L(a). 
Because det(ag) = llg and det(a”) = 1” for u E Gal(L(a)/L), it is clear that 
the action of G on L(A) with respect o which v is a crossed representation, is
just the restriction of the original action on L(a) to L(A). 
We now have a function v: G + L(a)X such that v( gh) = v( gjn I for g, 
k f G, and v(n) = a(n) for n E N. Write w(g) =,u(g) v(g)-‘. From (2) we 
obtain 
and we also have that w(n) = 1 for all n E N. It follows that o is constant on 
all cosets of N by setting h = g-In in (3) and appealing to Lemma 4.2. 
Since CO is constant on cosets of N, it defines a map G/N-+ Lo and it 
follows that (f*)‘= 1. However, the exponent of H*(G/N, L(a)“) divides 
(GINI. (See Satz 1.16.9 of [7]) an d so is relatively prime to r = cr(1). It 
follows thatf* = 1 and the proof is complete. m 
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The following result enables us to drop the condition that mr(a) = 1 in 
Theorem 6.1. Corollary 6.4, which is the strengthened version of 6.1, 
completes the proof of Theorem A. 
THEOREM 6.3. Let T 4 G and suppose /I E Irr,(T) is L-semi-invariant 
in G, where L E E. Assume PC = y E Irr,(G) and that (I G : TJ, p( 1) o@)) = 1. 
Then (m&), 1 G : Tl) = 1 and m,(y) = m@). 
Proof The fact that m,(J) divides mL(y) is comparatively trivial and we 
dispose of it first. The character m,(y) y is afforded by an L(y) c L(J) 
representation. Since [B, (m,(y) Y)~] = m&), it follows by Corollary 10.2(c) 
of 191 that m,,,,(J3) divides m,(y). However, mLco,(P) = m#) by part (a) of 
the same corollary. 
By Lemma 2.3 (applied to the case N= T and a = j?) we have that mL(y) 
divides m&3) 1 G : TI and thus the proof will be complete when we show that 
h(y), I G : Tl) = 1. 
Now let E be a primitive nth root of unity in E, where n is the exponent of 
G. Since Gal(L(c)/L) is abelian, there is a unique minimal field K, 
L 5 K c_ L(E) such that IL(c): KI involves no prime dividing m,@). We 
claim that m,@) = 1, for suppose p is a prime divisor of m&). Then p 
divides m,@) by Corollary 10.2(f) of [9] and hence pt(K(s): KI. Thus the 
Sylow p-subgroup of Gal(K(c)/K@)) * t IS rivial and Theorem 10.12 of [ 91 
yields that pkmK(P). This contradiction implies that m,@) = 1 as claimed. 
Now let 3E be an irreducible K-representation of N having p as an E- 
constituent. Since p is certainly K-semi-invariant in G, Theorem 6.1 applies 
and X extends to a K-representation 3 of G. Since y is the only irreducible 
E-character whose restriction to T has /I as a constituent, it follows that y is 
an E-constituent of 3. Since the multiplicity of /I in X is 1, it follows that the 
multiplicity of y in 3 is 1 and hence m,(y) = 1. Therefore mL(y) divides 
IK: L1 by Corollary 10.2(g) of [9]. 
By the choice of K, it follows that all prime divisors of / K : L / are divisors 
of mL(@) and thus divide /3(l). These primes, therefore, do not divide IG: TI 
and the result follows. 1 
COROLLARY 6.4. Let N Q G and let X be an irreducible L- 
representation of N, where L G E. Let a be an irreducible E-constituent of X 
and assume (I G : NI, a( 1) o(a)) = 1. Then X extends to an L-representation 
of G which has y as an E-constituent, where y = (2)” and a^ is the canonical 
extension of a to T = I,(a). 
Proof. Since 3 is a standard extension of a to T, it suffices by Theorem 
2.4 to show that m,(y) divides mL(a). By Theorem 6.3, m,(y) is coprime with 
1 G: T/ and the result follows by Lemma 2.3. 1 
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